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This paper is concerned with spacecraft rendezvous with target spacecraft in an arbitrary elliptical orbit. With
three independent control accelerations being the control of the resulting linearized Tschauner—-Hempel equations,
the spacecraft rendezvous problem can be reformulated as a regulation problem with controls of bounded magnitude
and energy. A parametric Lyapunov differential equation approach is proposed in this paper to solve this
constrained regulation problem. After establishing the fact that the Tschauner—-Hempel equations are both null
controllable with controls of bounded magnitude and energy, this paper proves that the proposed linear periodic
controller semiglobally stabilizes the system. Equivalently, for any fixed initial conditions, the magnitude and energy
of the control can be made as small as desired by tuning some free parameters in the feedback laws. In comparison
with the existing quadratic-regulation-based approach, which requires solutions to nonlinear Riccati differential
equations, the new approach requires only the solution of linear periodic Lyapunov differential equations, which are
investigated in the paper by using the periodic generator approach. Numerical simulations of the nonlinear model of
the spacecraft rendezvous instead of a linearized one show that both the magnitude and energy of the control can be
reduced to an arbitrarily small level by reducing the values of some parameters in the controller and that the
rendezvous mission can be accomplished satisfactorily.

Nomenclature

a = semimajor axis of target orbit

AL A = state matrices for in-plane motion

A,, A, = state matrices for out-of-plane motion

a, = acceleration due to thrust forces on chaser

B;, B; = control matrices for in-plane motion

B,, B, = control matrices for out-of-plane motion

C(A) = characteristic multiplier set for periodic matrix A

E = eccentric anomaly

e = eccentricity of target orbit

h = orbital angular momentum of target orbit

k = u / h3/2

K;, K, = feedback gains for in-plane and out-of-plane
motions

L,L, = transformation matrices

P, P, = solutions to parametric Riccati differential
equations

R = vector from center of gravity to target spacecraft

r = vector from target spacecraft to chaser spacecraft

T = period of target orbit

t = time

tr(A) = trace of square matrix A

T, = settling time
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u;, v; control vectors of in-plane motion
u,,v, = control vectors of out-of-plane motion
llell,, = L, norm of vector u(¢) (i.e., the square root of
TRCGIRS
lull,, = Lo norm of vector u(r) (i.e., sup ,|u(?)|)
W;, W, = solutions to Lyapunov differential equations
(x,y,z) = rotating coordinate frame fixed at target spacecraft
¢ & = state vectors of Tschauner—Hempel equations
¢, & = state vectors of in-plane motion
0 & = state vectors of out-of-plane motion
= true anomaly
A(A) = eigenvalue set of matrix A
7 = gravity constant
P = 1+ ecos(h)
®;(0,9) = state transition matrix of in-plane motion
®,(0,9) = state transition matrix of out-of-plane motion
10} = orbital rate of target spacecraft

1. Introduction

ANY astronautic missions, such as repairing, saving, inter-

cepting, docking, large-scale structure assembling, and
satellite networking, rely heavily on successful rendezvous [1].
During the past few decades, considerable attention has been paid to
the spacecraft rendezvous control problem in the literature.
Considering a target spacecraft in a circular or elliptical orbit and
another chaser spacecraft in its neighborhood, the relative motion of
the chaser with respect to the target can be described by autonomous
nonlinear differential equations for which the linearized equations
are known as Hill-Clohessy—Wiltshire (H-C—W) equations [2] or
Tschauner—-Hempel (T-H) equations [3]. The H-C—W equations are
time invariant while the T-H equations are periodic. Yet, both of
them possess periodic solutions that constitute relative orbits of the
chaser and are useful for passive rendezvous and formation flight [1].
Hence, these efficient equations are the basic tools and foundation in
rendezvous (see, for example, [4-8]).


http://dx.doi.org/10.2514/1.52372

346 ZHOU, LIN, AND DUAN

Spacecraft rendezvous has attracted renewed interest in recent
years as a result of new developments in control theory and
technologies. Many advanced methods have been applied to solve
the rendezvous control problem with different requirements. For
example, the Huber filter approach to addressing the problem of
radar- or laser-based robust rendezvous navigation is investigated in
[9]; adaptive control theory was applied to solve the rendezvous and
docking problem in [10]; in [11], the neural-network-based con-
troller is proposed for rendezvous maneuvers; autonomous
rendezvous for a cooperative target or noncooperative target based
on relative orbit elements is considered in [12]; multiobjective robust
H_, control of spacecraft rendezvous in a circular orbit is studied in
[13]; and the optimal multiobjective linearized impulsive rendezvous
problem is investigated in [14]. For more related work, see the
references cited in the aforementioned papers.

Constraints such as actuator saturation and power limitation exist
in every practical control system. Constraints are not only the source
of performance degradation but also the source of instability. Hence,
in the past several decades, many researchers have paid significant
attention to constrained control problems (see [15-23] and the
references therein). Practical constraints have also attracted much
attention in the area of spacecraft rendezvous control. One of the
most frequently considered constraints is power limitation. Power-
limited spacecraft have propulsion systems that have an upper bound
on the exhaust power that the engine can supply [20,24—26]. Another
constraint that is also frequently studied is saturation nonlinearity in
the actuator: say, thrust saturation (see, for example, [27,28]). It is
also possible to consider these two constraints simultaneously [29—
31]. Most of the solutions to this problem are based on optimal
control theory. The resulting controllers are, however, complicated
and hard to compute and implement.

In this paper, the rendezvous problem with the target spacecraft in
a general elliptical orbit is considered. With three independent
continuous control accelerations (or thrusts) being used as the
control signals to the T-H equations, the spacecraft rendezvous
problem can be formulated as a regulation problem with controls of
bounded magnitude and energy. A parametric Lyapunov differential
equation (PLDE) approach is proposed for designing a linear
periodic controller for the problem. By showing that the T-H
equations are asymptotically null controllable with bounded controls
(to be defined later) and recognizing that they are also null
controllable with vanishing energy (NCVE) (to be introduced later;
see also [20]), it is established that the resulting controller achieves
semiglobal stabilization of the relative motion with magnitude and/
or energy-bounded controls by tuning some free parameters in the
feedback laws. Semiglobal stabilization means that the initial
condition can be as large as necessary as long as it is bounded.
Semiglobal stabilization is more reasonable than global stabilization
in the spacecraft rendezvous problem, as the linearized relative
motion (say, T-H equations) are applicable only when the relative
error (the states of the system) is not too large (see, for example, [3]).
Roughly speaking, for any fixed initial condition, the magnitude and
control energy in rendering the initial condition to the origin can be
made as small as needed by reducing the values of some parameters
in the PLDEs. One of the main advantages of the proposed PLDE-
based approach over the existing approaches (especially those based
on quadratic regulation theory and requiring solutions to nonlinear
periodic differential Riccati equations) is that its resulting controller
is easy to implement, since only a linear periodic differential
equation is required to be solved. An effective periodic generator
approach is also established to solve such a class of linear periodic
equations. The proposed approach is applied to a rendezvous system
in which the target spacecraft is in an eccentric orbit of geostationary
transfer orbit type. It should be emphasized that the designed linear
periodic controller is applied directly to the original nonlinear
equations of the relative motion. The performances, magnitude of the
control, and control energy of the resulting closed-loop system are
calculated with different values of the free parameters in the
controller. It is observed that a tradeoff between the system
performances and the magnitude (energy) of the controls exists in
choosing the free parameters.

The remainder of this paper is organized as follows. Section I
presents the relative motion of the spacecraft rendezvous problem
(Sec.II.A) and investigates its properties, especially the controllability
by magnitude and/orenergy-bounded controls (Sec. IL.B), by carrying
out the Jordan canonical form of the T-H equations. The PLDE-based
approach is then introduced in Sec. III to solve the spacecraft
rendezvous problem with constraints. The theoretical results and an
algorithmare, respectively, givenin Secs. III.A and IIL.B. A numerical
example is worked out in Sec. IV to show the effectiveness of the
proposed methodology.

II. Relative Motion and Properties
A. Tschauner-Hempel Equations and Simplification
Assume that the target spacecraft is in an eccentric orbit. Denote as
r and R, respectively, the vector from the target spacecraft to the
chaser spacecraft and the vector from the center of gravity to the
target spacecraft. The relative motion of the chaser spacecraft in
the inertial frame can be captured by [32]

&Pr R+r R
=y — o) @ 1
a7 “(|R+r|3 |R|3) / M

where (u is the gravity constant and a  is the acceleration vector due
to thrust forces on the chaser spacecraft. Consider the target-orbital
rotating coordinate system (or target-orbital coordinate system, for
short) x-y-z, as shown in Fig. 1, where the origin is fixed at the center
of mass of the target, and the y axis is normal to the orbital plane. For
an arbitrary variable v, the symbol v denotes the derivative with
respect to time in such a rotating coordinate system. Then, with the
notationr =[x y z]7, Eq. (1) can be written as [32]

sy g 2 _px
2wz + wz + w°x R

B
Z = a)zz—Za))'c—cb)c—u(“;’:P +%) +a;, (2
y Yy

TR+

where |[R| =R, |r|=r,and |[R +r|> =x* 4+ y>* + (z— R)?, and @
is the orbital rate of the rotating coordinate system.

Let i be the orbital angular momentum of the target. Then,
R>w = h = constant. Let e € [0, 1) be the eccentricity of the orbit, &
be the true anomaly, p = 1 + e cos(8), and

k = — = constant 3)

SRS

Then, it is easy to see that

h
w=15= k* p* “4)
The true anomaly 6 and the eccentric anomaly F satisfy the following
well-known equation:

, V1 —e*sin() e +cos(f)
SIH(E) = 1—}—@7(;08(0)’ OS(E) = m (5)

Target Orbit

[“Center Planet™) Perigee

Target Spacecraft

Chaser Spacecraft

y
Fig. 1 Spacecraft rendezvous system and coordinates.
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If the target spacecraft is at perigee at = O (namely, both the true
anomaly 6 and eccentric anomaly E are zero at t = 0), then the
eccentric anomaly E and time ¢ satisfy Kepler’s equation:

T
t= E[E — esin(E)] (6)
If the distance between the chaser and the target is much smaller than
the distance between the target and the center of the gravity field (i.e.,
R > r), then the nonlinear system in Eq. (2) can be linearized at the
origin as [32]

i —ka*?x + 20z + wz + ’x
= 2ka¥?z - 20k —ox+ o’z | +a; (7
¥y —kaw®?y

which are known as the T-H equations. It follows from Eq. (7) that
the in-plane motion (i.e., the x-z subsystem) and the out-of-plane
motion (i.e., the y subsystem) are independent. Therefore, they can
be considered separately.
With the notation a; = [a} a} a? |7, and choosing
E=[x(t) =2 0 20", v@=[ag® GO
®)

the in-plane motion
i1 [ —ka*?x + 207 + @z + o + ay ©)
2|7 | 2ko?z = 2wi — ox + @’z as

can be written as

§i(0) = A(D&(0) + Bi(v,(1) (10)
where A;(¢) and B;(¢) are given, respectively, by
0 0 1 0
0 0 1
Ai(t) = ) 3 .
o — kw? 10} 0 2w
—-» & +2%e? 20 0
00
00
Bi(1) = Lo an
0 1

It follows that the system described by Eq. (10) is periodic with
period T, the period of the target orbit. Similarly, with

E,0=0@® YOI, v, =ay)
the out-of-plane motion can be expressed as
£0(0) = A, (D8,(1) + B,(1)v,() (12)

where

a0 =] o o) Bo=7]

The system described by Eq. (12) is also a linear 7-periodic system.

The method in [3] will be used to simplify the systems described
by Egs. (10) and (12). In this method, the true anomaly 8 is used as an
independent variable instead of the time variable ¢. Denote the
derivative of a variable v with respect to 6 as v', and consider the state
transformation

(X)) YO ZO)]=p@Ox(®) ¥ z2(0)] (13)

Choose a new state vector £(0) =[¢7(0) ¢7(0)]" and a control
vector u(0) = [uf (0) ul(0)]" with

50 =136) 20) TO TOT
LO=[30) FO.  w®=[a;0) @O
u,(6) = a}(6)

It can be verified that §;(0) = L;(0)&;(¢) with

p 0 0 O
|0 p 0 0
LO=|, 0 2 o (14)
0 o 0 2
The system described by Eq. (10) can then be transformed into
§i(0) =A,(0)8:(0) + B;(O)u;(0) (15)
where A;(6) and B;(6) are given, respectively, by
00 1 O 00
0 0 00
AO=19 o o 2| BO=psl\ o| 0
0 % -2 0 0 1

Notice that both A;(0) and B;(0) are periodic matrices with period
2.

Similarly, under the state transformation described by Eq. (13),
that is,

o= 5 28] tnene  an

the out-of-plane motion described by Eq. (12) can be simplified as
§o(0) =A,(0)8,(0) + B,(0)u,(6) (13)

where A,(0) and B, (0) are given, respectively, as

1
O I XU R O

Notice that the system matrix is time invariant.

The whole rendezvous process can be described by the
transformation of state vectors & (6) from nonzero initial states & (6,)
to the terminal state §(6;) = 0, where 0, = 6(t;), with ¢, being the
rendezvous time. To meet the requirements of actual conditions,
especially the limited energy (power) of the actuator and the maximal
control signals that the actuator can generate, in this paper,
controllers will be designed to solve the preceding problem by
imposing the bounds

lellz, < teo
and
lall,, < 12
where (., and p, are some given positive scalars.

B. Properties of Tschauner-Hempel Equations

Some basic results for periodic systems are introduced first.
Consider the following general periodic system:

x(1) = A(nx(1) + B(1)u(r) (20)

where A(f) € R and B(r) € R are w periodic with a given
@ > 0. Denote the state transition matrix of the system by ®(¢, 7).

Definition 1 [33]: A complex number 7 is said to be the
characteristic multiplier of the -periodic matrix A(¢) if there exists a
w-periodic differentiable vector function v(f): R — C” such that
v(t) # 0, such that r € R and

EH=v(On/™, VYireR
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is a solution to a system described by Eq. (20) with initial time t = 0
and u(t) = 0, such that t € R. Moreover, v(¢) is referred to as a right
characteristic vector of matrix A(r).

Hereafter, the set of characteristic multipliers for A() is denoted
by CIA(?)].

Definition 2 [34]: Let T(f): R — R™" be a w-periodic matrix.
Then, x(f) =T(t)z(t), where z(f) is the state vector of the
transformed system, is said to be a Lyapunov transformation if 7'(7) is
differentiable, and T(¢), 7(¢), and T~ (r) are bounded for all r € R.
In this case, T(¢) is referred to as a w-Lyapunov transformation
matrix.

—[1 4 p(&)] cos(6)
p(0) sin(6)

Fi(6) = 20(6) sin(6)

(=

Definition 3 [33,35]: A (real) Jordan matrix J € C"™" (R™") is
said to be the (real) Jordan canonical form of the w-periodic matrix
A(r) if there exists a (real) w-Lyapunov transformation matrix
V(t): R — C™" (R™") such that

V() = ADV(©) — V()T

Moreover, V() is referred to as the characteristic vector matrix of
A(1).

Lemma 1 [35]: Let the Jordan canonical form of the z-periodic
matrix A(f) be J. Then,

C(A(r)) = M(e'™) = M[®(t + @, 1)]

Moreover, the w-periodic system described by Eq. (20) is
asymptotically stable if, and only if, all of the characteristic multi-
pliers of A() are located strictly inside the unit circle or, equivalently,
all the eigenvalues of its associated Jordan canonical form J are
located on the open left half plane.

It should be pointed out that the Jordan canonical form can provide
more information of periodic systems than its characteristic
multiplier set.

Definition 4 [21 ]: The w-periodic system described by Eq. (20) is
said to be asymptotically null controllable by bounded controls
(ANCBQO) if, for any initial condition x, € R", there exists a time
t; > ty and control u(z), t € [t,, t;], such that

Supte[,()‘,l]”u(t)” =1

and the solution x(¢) to the system described by Eq. (20) with initial
condition x(#y) = x, satisfies x(¢,) = 0.

Definition 5 [20]: The system described by Eq. (20) is said to be
NCVE if, for each initial condition x(0) = x, there exists a sequence
of pairs (Ty,uy), 0 < Ty < oo, and uy € L,(0, Ty, R™) with

L,(0,T,R™) 4 {f(t): [0,7] - R™ AT IfO|*de < oo}

such that x(Ty, xy, uy) = 0 and
. TN
lim / lluy(®)|*de =0
N—oo Jq

Roughly speaking, ANCBC and NCVE mean, respectively, that
any bounded fixed initial condition can be driven to the origin with
the control having an arbitrarily small magnitude and arbitrarily
small energy. Regarding the test for ANCBC property, the following
result has been proved in [21].

[1 + p(6)]sin(6)
p(6) cos(6)

2p0(0) cos(0) — e

cos(f) + ecos(20) —[sin(#) + esin(26)]

Proposition 1: The w-periodic system described by Eq. (20) is
ANCBC if, and only if, [A(?), B(#)] is completely controllable and
|| < 1, such that u € C[A(?)].

Itis interesting to notice that the conditions for ANCBC happen to
be the same as those for NCVE [20].

Now, consider the properties of the T-H equations. Denote

01

Then, according to the results in [32], it can be verified that

30%(0)J(6)
2 — 3ep(H) sin H(H)
3 — 6ep(0) sin(6)J(0)
Fiy4(0)

(22)

is a solution to a system described by Eq. (15) in the case of
u;(0) =0, where

Fi44(0) = —3e[(cos(0) + e cos(20))J(0) + sin(0) p~' (9)]

Moreover, it is readily verified that det[F;(0)] = ¢*> — 1 # 0, such
that 6 € R. Hence, the state transition matrix of the system described
by Eq. (15) can be expressed as

®,(6.9) = Fi(O)F; ' (¥) (23)

The following result is concerned with the real Jordan canonical form
of the linearized in-plane motion described by Eq. (15). The proof is
provided in the Appendix for clarity.

Theorem I: The real Jordan canonical form of the 2m-periodic
system described by Eq. (15) is

(24)

[ e R
(=Nl
[N el

namely, the periodic system described by Eq. (15) is marginally
unstable.

The preceding result gives a profound understanding of the
linearized in-plane motion described by Eq. (15). It follows from this
result and Lemma 1 that C[A;(0)] = {1, 1,1, 1}, which was also
shown in [20] for the original system described by Eq. (11).
However, the Jordan canonical form can provide more information
than the characteristic multiplier set, as has been mentioned earlier.

Corollary I: The linearized in-plane motion described by Eq. (15)
is both ANCBC and NCVE.

Proof: Tt follows from Theorem 1 that C[A;(0)] = {1, 1,1, 1}.
Hence, it remains to be verified that [A;(6), B;(0)] is completely
controllable. In fact, direct manipulation gives

[Bi(6) Bi(0) —A;(6)B;(6)]

00 —p 0

L {0 o0 0 —p

T K| p 0 3esin(9) —2p
0 p

2p 3esin(6)

which is nonsingular for all 6 € R. Hence, according to
Theorem 4.5.3 in [34], the system [A;(6), B;(0)] is completely
controllable. The proof is completed. O

At the end of this subsection, the out-of-plane motion will be
considered. Notice that A, (6) is time invariant; hence,
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_ a6 — | cos(0—0) sin(0— )
Po(6.00) = ¢ o |:— sin(6 — 6,) cos(6 — 6,) (25)

It then follows from Lemma 1 that
ClA,(O)] = A[®, (0 + 27, 6p)] = {1, 1}

On the other hand, it can be determined that

’ _ 1 0 -p
which is nonsingular for all § € R. Hence, similar to Corollary 1, the
out-of-plane motion is also both ANCBC and NCVE.

III. Parametric-Lyapunov-Differential-Equation-
Based Approach to Orbital Rendezvous Control

A. Parametric-Lyapunov-Differential-Equation-Based Semiglobal
Stabilization with Constrained Controls

In this section, the PLDE-based approach will be used to stabilize
the in-plane system described by Eq. (15) and the out-of-plane
system described by Eq. (18) with controls of bounded magnitude
and bounded energy. Consider the following 27z-periodic Riccati
differential equation associated with the in-plane motion described
by Eq. (15):

= Pi(0) = AT(O)Pi(6) + Pi(0)Ai(0) + v,P,(0)
= Pi(O)B,(O)R;(0)B] () P:(6) (26)

where R;(0) is an arbitrary 27-periodic positive definite matrix and
y; € (0, D;], with D; > 0 being an arbitrary scalar. Since C[A;(0)]=
{1, 1,1, 1}, the following result regarding solutions to Eq. (26) has
been proved in [36] for more general periodic systems. For
completeness, a short proof is provided in the Appendix.

Lemma 2: Consider the periodic Riccati differential equation
described by Eq. (26).

1) It has a unique 2m-periodic positive definite solution
P(0) = P;(0,y) = W:1(0), with W,() =W;(0,y;) being the
unique 2m-periodic positive definite solution to the following
2m-periodic PLDE:

Wi(0) = Wi(O)AT (6. 7)) + Ai(6. ) Wi(0) — B,(O)R; ' (6)B] ()
@7

in which A;(6, ;) = A;(0) + L yil4.
2) Let P;(6) be the 2-periodic positive definite solution. Then, the
periodic linear state feedback u,;(0) = K;(0)¢;(0), where

Ki(6) = —R: (0)BI (6)P;(0) 28)

stabilizes the system described by Eq. (15).
3) Let P;(6) be the 27-periodic positive definite solution. Then,

lirg P,(0)=0, V6OeR (29)
7i—>0"

Remark 1: Lemma 2 is also valid if the parameter y; in Eq. (26) is a
function of 0 and is parameterized by an independent variable &. For
example, as has been studied in [36], one can let y; = y;(6, ¢): R x
(0, D;] — R be continuous on 6, uniformly continuous on &, 2w
periodic with respect to 6, and satisfy some other further conditions.
Here, y; is chosen to be independent of 6 for clarity.

It follows that, to stabilize the 2m-periodic system described by
Eq. (15), only a linear differential equation in the form of Eq. (27)
needs to be solved. Although the analytical solution can be obtained
as [36]

Wi(0) =/OO @,(0, 5)Bi(s)R;' (5)B] (5)®] (6. s)e7¢~" ds (30)
0

the integration in the solution is hard to compute. A detailed
discussion regarding the numerical computation of the solution to
Eq. (27) will be given later.

Properties of the PLDE-based stabilizing controller described by
Eq. (28) will consequently be discussed.

Theorem 2: For any given positive scalar jt,, and bounded set
X C R*, there exists a scalar ¥} € (0, D;] such that the closed-loop
system consisting of the periodic system described by Eq. (15) and
the control

u;(0) = K;(6)¢:(0) 3D

with y; € (0, y}] are asymptotically stable with A" contained in the
domain of attraction and such that

el < ioo (32)

Proof: The asymptotic stability of the closed-loop system follows
from Lemma 2. Only Eq. (32) will be shown in the following.
Rewrite the closed-loop system as

;;(9) = [Ai(e) + Bi(e)Ki(e)]ti(e)v

Notice that, by using Eq. (26), the derivative of V[¢;(0)]=
ET(O)P;(0)¢,(0) with respect to 0 satisfies

VIEAO)] = ~¢TO:P(6) + Pi(O)B/(O)R (B)BT ()P, (9)]¢,(6)
<0, V&0 #0

§i(6) € X CRY (33)

Hence, V[¢;(6)] < V[§;(6)], such that 6 > 6, from which it follows
that

e (O) 11> = u? (O)u;(0) = &7 () P,(0)B,(O)R;* () BT ()P ,(6)¢,(6)
< u[P2(0)Bi(O)R;2(O)BT ()P ()67 () Pi(6)¢(6)
= tr[P:(6) B (O)R; 2 () BT (O)]V[,(6)]
< u[P,(0)B,(O)R; 2(6) B (O)]V[¢(6,)]

in which

6> 6,
lim P;() =0
yi—0t

As X is bounded, there holds

lim_[lu,(6)[> =0
y;—0t

and the proof is completed. O

The preceding result can be referred to as semiglobal stabilization
of the system described by Eq. (15) with controls of bounded
magnitude. The following result further shows that the periodic linear
feedback described by Eq. (31) also semiglobally stabilizes the
system described by Eq. (15) with controls of bounded energy.

Theorem 3: For any given positive scalar 1, and bounded set
X C R*, there exists a scalar y;* € (0, D;] such that the closed-loop
system consisting of the periodic system described by Eq. (15) and
the control given in Eq. (31) with y; € (0, y/*] is asymptotically
stable X contained in the domain of attraction and such that

||“i||L2 = (34)

Proof: Similarly, only Eq. (34) needs to be verified. Let
n(0) = P;(6)¢;(6). Then, using Eqgs. (26) and (33) gives

1'(6) = Pi(0)8:(6) + P;(6)8i(6) = {Pi(6) + P;()[A;(6)
+ Bi(O)K,(0)1}5:(0) = —[AT (6) + yilu]n ()

for which the solution is given by (see, for example, [34])
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1 (0) = (6o, O)e 7 Dy(6,), V6= 6,
where ®;(6, 6,) is the state transition matrix for the system described
by Eq. (15). With this, and in view of Eq. (30), one can get

[o.¢]
/ M ! ()R, (s)uy(s) ds

o

= [T eSO P 0IBOR GBI OP(55,(5)d

H()

- / ™ =7 ()B,(s)RT (5)BT (s)n(s) ds

90

— 17 (6) [ [ @B ORT GBI G0.) ds]

bo

x1(60) = 0" (B) W;(80)n(8) = &7 (60)P;(60)8:(6y)

As R;(6) is bounded and nonsingular for all 6, it follows that there
exists a constant « > 0, such that R;(s) > a~'I,. Consequently,

/ ™ ()2 ds = / ! (s)uy(s) ds

) b

= /oo eyi(sj%)"iT(S)Ri(s)ui(s) ds = aCiT(QO)Pi(QO)Ci(GO)
6

0
Again, as

lim P;() =0
yi—0t
where 6 € R and X is bounded, it follows that

lim/ lu;(s)||?ds = 0
0+

¥=0" Ja,

and the proof is completed. O

Basically, the preceding two theorems mean that the spacecraft
rendezvous in the x-z plane can be achieved with the linear periodic
controller described by Eq. (31) that has arbitrarily small energy and
arbitrarily small magnitude by decreasing the values of y;. However,
if y; is too small, the transient performances of the closed-loop
system will be rather poor; say, the settling time is long. In practice,
the selection of values of y; should be a tradeoff between the settling
time and the applicable control energy (and/or the maximal
applicable magnitude of the control signals). This tradeoff can be
illustrated through the simulation results in Sec. IV.

The PLDE-based approach can also be used to achieve semiglobal
stabilization of the out-of-plane motion by controls of bounded
magnitude and bounded energy. As [A,, B,(6)] is ANCBC and
NCVE, according to Lemma 2, the following 27-periodic Riccati
differential equation

— P,(6) = AT(O)P,(6) + P,(0)A,(0) + y,P,(0)
= P,(0)B,(OR; (O)BJ(O)P,(6) (35)
where R;(0) is an arbitrary 2;r-periodic positive definite matrix and

y, € (0,D,], D, >0, has a unique 27w-periodic positive definite
solution P,(6) = P,(0, y,), such that

K,(0) = —R;'(0)BI(O)P,(6) (36)

is a stabilizing gain for the linearized out-of-plane motion described
by Eq. (18). Moreover,

lim P, () =0,

Yo—>07"

VéeR 37)
and P,(0) = W,;'(0), with W,(0) being the unique 27n-periodic
positive definite solution to the following 2rw-periodic PLDE,

Wi (0) = A, (6. v,)W,(0) + W,(0)AT(6. v,) — B,(O)R," (0)BS (6)
(38)

in which A, (6, y,) = A,(0) + 1 v,1,. The situation in this case can
be much more simple if

R,(0) = (39)

k® p°(6)
In fact, in this case, all the coefficient matrices described by Eq. (35)
are constant; consequently, the unique 2m-periodic positive definite
solution can be solved as

_[rnv:+2 v
P.(o) =702 | o)

which is independent of 6. Hence, the stabilizing feedback gain can
be computed as

K,(0) =—k'p*O)y2 2y,] (41)

In fact, with the periodic state feedback u,(0) = K,(6)¢,(6), the
closed-loop system matrix A, () + B,(0) K, (0) is time invariant and
has the eigenvalue set {—y,,, —V, }. Finally, it can be readily shown
that Theorems 2 and 3 are also true for the out-of-plane motion; the
details are omitted for brevity.

B. Algorithm for Rendezvous

In this subsection, an algorithm will be presented for orbital
rendezvous by using the PLDE-based approach developed in the
previous subsection. First, a periodic generator approach to
computing the unique 2m-periodic positive definite solution to the
2m-periodic PLDE described by Eq. (27) will be introduced by
adopting the idea found in [37].

Lemma 3: Let W;(6) be the unique 27-periodic positive definite
solution to the 2m-periodic PLDE described by Eq. (27). Then,
W;(6,) satisfies the following discrete-time Lyapunov equation:

Wi(6y) = ™G (6))W;(0)GT (Bp) — Qi(6y + 2. 6y)  (42)

where G;(6)) = ®,(6y + 27, 6,), and

0
0:(0, 6) Z/ @;(6, 5)B;(5)R; ' (s)B] ()@ (0, 5)e® 7 ds (43)
to
Proof: For clarity, denote B;(s)R;'(s)BY(s) = S;(s). Then, it
follows from Eq. (30) that

W, (0 + 27) = / T 0,(8y + 2. 5)S:(5)07 (6,

6o+27

o0
+ 27, 5)e 2= dg = &,(8, + 27, ;) ®,(6y,
6o+2m

+ 27m)®,;(0, + 27, 5)S;(s) DT (0, + 27, 5) DT (6,, 6,
+ 2m)et2m=9)vi ds®T () + 27, 6)

~Gi@e [

Op+2m

D, (6. 5)S;(5) @] (6y. 5)e =7 dsGT ()

0o
= G ()™ / ®,(6. $)S:(5)®T (By. )¢~ dsGT (6,)

6+27
+ G;(6y) /oo (6, S)S[(S)‘D,-T(@o’ S')e(grs)y’ dSGfT(Qo)
6o
= G(6,)e*™ W;(6p)GT (6)) — Q;(0y + 27, 6)

which, in view of W; (6, + 27) = W;(8,), is just Eq. (42). The proof
is completed. O
An approach for computing Q; (8, ;) will be established next.
Lemma 4: The matrix Q;(6, 6,) satisfies the following Lyapunov
differential equation

0i(6,6,) = A;(0, ) Q:(6, 6y) + Qi(8, )AL (6, v,)
+ B:(O)R; ' (9)B (0) (44)
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with initial condition Q;(6y,6,) = 0. Here, A;(0,y;) = A;()+
1
3 Vils.

Proof: 1t is clear that Q;(6,, 6,) = 0. By definition of ®;(6, 1),

0i(0. 6p) = @,(0.6)S;(0)®] (6. 0)

0
+/ gqJ,v(H, 5) |S;(s)®@T (0, s)e®i ds
6, L0

(4 d T
+[ ®,(6, s)Si(s)[@(I)i(G, s)] e =9 ds

o

9
+ / ®@;(0, 5)S,;(s) DT (0, 5)y,e 07 ds = S;(0)

90

+ Ai(0)Qi(6. 0y) + 0:(0. 60)A] (0) + ,0,(6. 6)

The proof is finished. O

The idea of obtaining the unique 2m-periodic positive definite
solution to the PLDE described by Eq. (27) can be stated as follows.
If Q;(6y+ 27, 6,) is obtained by solving the linear differential
equation described by Eq. (44) according to Lemma 4, W,(6,) can be
computed by solving the Lyapunov equation described by Eq. (42)
according to Lemma 3. Consequently, the 2m-periodic positive
definite solution W;(6) can be obtained by solving the 27-periodic
PLDE described by Eq. (27) with initial condition W;(6,); namely,
such initial condition W;(6,) generates the unique 2m-periodic
positive definite solution to the PLDE described by Eq. (27).

To solve the linear differential equations described by Eqgs. (27)
and (44), the following approach is developed.

Definition 6: Let P = [p;;] € R™" be a symmetric matrix. Then,
the symmetric stretching function sv(-): R — R1/2n(+D) g
defined as

sv(P)=[pi1 P12 P2 P15 Px Pn o Pin Paw Pl

Moreover, the inverse symmetric stretching function
sv=!(-): RU/2n@+D) _ R™xn can be defined in an obvious way.

Clearly, sv(:) is a linear operator. For any given matrix A € R"*",
there exists a unique matrix

T(A) € RII/2m0DIX((1/2n(r+1)]
such that
sv (AP + PAT) = T(A)sv(P) (45)

For example, if A = A;(6) € R¥* is given by Eq. (16), then

000 2 0 0 00 0 0
000 0 1 0 10 0 0
000 0 0O 0 02 0 0
000 0 O 1 20 0 0
000 0 0 0 02 1 0

TA;@l=]10 00 0 0 0 0 0 4 ol (6O
020-20 000 1 0
002 0 -2 0 00 0 1
000 0 2 =200 0 2
000 0 0 0 0°¢ —40

By using Eq. (45), taking sv(-) on both sides of Eq. (44) gives
¢ 1(0) = {TIA(O)] + vil10}9:(6) + sv[B:(O)RT' ()B] ()] (47)

where ¢;(0) = sv[Q;(0, 6,)] and ¢;(6,) = 0. Similarly, Eq. (27) can
be transformed into

@ 1(0) = {TIA(O)] + vil10}@:i(0) — sV[Bi(O)R; (0)B] ()]  (48)
in which ¢@;(0) = sv[W;(0)] and ¢;(6,) = sv[W;(8,)]- Then, the

following algorithm for computing the stabilizing feedback gain
K;(0), as defined in Eq. (28), can be presented.

Algorithm I: [For any given 6, € [0, 27), compute K;(60), 6 > 6,
as defined in Eq. (28)].

1) Solve the linear differential equation described by Eq. (47) to
get

0:(0 + 27, 6y) = sv'[¢p;(6, + 27)]

2) Solve the following differential equation to get J(6,)
1
m )

3) Use J(6,) to compute G;(6y) = I, + N;(6)) F7' (6,), in which
F;(6,) is defined in Eq. (22) and

J(6) = J(0)=0 49)

000 30%(6)
10 0 O —3ep(6p) sin(6y) 2
N =10 0 0 —eep@sin@) |©7
0 0 0 —3efcos(y) + ecos(26,)]

4) Solve the discrete-time Lyapunov equation described by
Eq. (42) to get W;(6,) by using Q;(6, + 27, 6,) and G,(6,).

5) Use W;(6,) to solve the 2m-periodic PLDE described by
Eq. (48) to get ¢;(0), 0 > 6,. Let W;(0) = sv~'[p;(0)]. Then, the
stabilizing feedback gain is given by

K(0) =R OBIOW'(©0). 026, (50

Some remarks for the preceding algorithm are in order.

Remark 2: The computation of G,(6,) in the third step is based on
Eqgs. (A4) and (A5) and Lemma 5 in the Appendix. Moreover, J(6,)
can be computed alternatively as follows. According to Eq. (A3), it
can be observed that J(6,) = k*t,, where f, can be computed by
Kepler’s equation, described by Eq. (6) as

ty = | —(Ey — esin(Ey))
m

in which E, € [0, 27) and 6, € [0, 2x) satisfy Eq. (5).

Remark 3: Notice that Q,(6, + 27, 6,), J(6,), G;(6,), and W;(6,)
are only functions of the initial true anomaly 6,. If §, = 0, namely, the
target spacecraft is at perigee when t, =0, then J(6,) =0,
J(2m) = K*T, and

1 2—¢ O 3(1 + e)?k*T
o 0 1+4e 2
GlI=10 0 24 3
0 1+e 0  —3e(l + e)k’T

Remark 4: In general, k is relatively small; hence, the elements in
B;(0) are very large compared with the elements in A;(6). To ensure
the computation of the solution to the differential equations described
by Egs. (47) and (48) to possess high accuracy, one can specifically
choose

1

R;(0) :WIZ (5D

Consequently, B;(8)R; ' (6) BT (6) is a constant matrix, and

sv[B.(O)R(O)BT(®)]=[0 0 0 0 0 1 0 0 0 1]
(52)

IV. Simulation Results

In this section, a numerical simulation will be used to demonstrate
the effectiveness of the proposed approach to elliptical orbital
rendezvous control. Different from the controller design, our
simulation will be carried out directly on the nonlinear plant
described by Eq. (2). To this end, the state transformation described
by Eq. (13) should first be applied on the nonlinear plant described by
Eq. (2); namely,
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Table 1 The orbital parameters of the target spacecraft in which K;(6) and K,(6) are defined in Egs. (28) and (41),
respectively.

Parameters Symbol Values gupposeythat the target spacecraft is in the geostationary transfer
Semimajor axis a 2.4616 x 10" m orbit, which is a temporary orbit to inject a satellite into the
Eccentricity ¢ 0-7301704 5 geostationary Earth orbit (see, for example, [20]). The orbital
égﬁ;;mm‘?me“mm Z 627266272 11%721/21//25 parameters are as follows: the semimajor axis a = 24616 km, the
Period T ’ 38.436 5 eccentﬁcity e= 0.73074,. and _the period T = 38436 s. For clarity,
Gravity constant i 3.986 x 101 m?/s2 the main parameters are listed in Table 1.

Assume that at the initial time, the true anomaly is 6, = 0.17. Take
the in-plane motion into consideration first. By choosing y; = 1.1,
according to the steps in the Algorithm, one can get in the first step,

L [ £:(6) ] _ L(e)[ £.(1) } L0k (53)

¢,(0) (1)
0i(6 + 27, 0y)
where L(0) = diag{L;(6),L,(0)}, with L;(6) and L,(6) given by 5380 —0.7156 —1437 —2.113
Egs. (14) and (17), respectively. Consequently, according to the
results obtained in Sec. III, the overall controller is given by —0.7156  0.0952 0.1912 0.2810 0 55)
= X
u (0) _ u[_(@) _ KI(Q)C,(Q) T _ Kl(g) 0 C(Q) (54) —1.437 0.1912 0.3839 0.5643
u,(0) K, (6)¢,(0) | 0 K, —2.113  0.2810 0.5643 0.8296
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Fig. 4 Elements in K,(0) = [K,;(0)K,;,(0)].

In the second step, one obtains J(6;) =0.106355 and J(6,+
2m) = 19.7507. Consequently, in the third step, one can compute

0.001 1.687 —1.049  0.1398
. 0 —0.2238 0.1398 —0.01863 3
Gil0o) = 0 —0.4496 0.2806 —0.03725 x 107 (36)
0 —0.6619 0.4117 —0.05384

Then, by using Eqs. (55) and (56), the unique positive definite
solution W;(6,) to the discrete-time Lyapunov equation, described
by Eq. (42), can be obtained as

5.341 —0.7209 -1.434 -2.100
_ | =0.7209  0.0984  0.1951 0.2827 3
Wi(6o) = —1.434  0.1951 0.3876 0.5630 x 10
—2.100  0.2827 0.5630 0.8271

Hence, the periodic matrix W;(6), 6 > 6,, can be computed by
solving the linear differential equation described by Eq. (48), from
which the periodic feedback gain K;(6) can be calculated according
to Eq. (50). The results are recorded in Fig. 2. It follows that both
W;(0) and K;(0) are 2m periodic. Similarly, for the out-of-plane
motion, with the choice of y, = 1.5, the feedback gain K,(6),
0 > 6,, can be computed according to Eq. (41). The results are
plotted in Figs. 3 and 4. Itis very interesting to notice that the absolute
values of all the elements in K;(#) and K, () achieve their minima at
apogee. This is reasonable, as the target spacecraft at apogee has the

w(©)
- v ]
w)

0.02

0.01

—0.01}:
—0.02f
-0.03}
—0.04}
-0.05}

Control signals (m/s2)

-0.06 |-
-0.07

-0.08 n n n n n n n n n n
05 1 15 2 25 3 35 4 45 5 55

6 (rad)
Fig. 6 Control signals with y; = 1.1 and y, = 1.5.

smallest orbital rate so that the controls required by the chaser so as to
follow the target also achieve their minima.

For simulation purposes, choose the initial condition in the target-
orbital coordinate system as

£(6,) =[10,000 —10,000 3 3 10,000 -3]" (57)

namely, all the distances between the target and the chaser spacecraft
in all three directions, x, y, and z, are 10,000 m. According to
Eq. (§3), the initial condition in the {-coordinate system is

§(6h) = L(6h)&(6y)
=[1.695 —1.695 0.1186 0.5702
x 10*

1.695 —0.5702]"

By simulation, the state trajectories and control signals of the closed-
loop system consisting of the transformed nonlinear T-H equations
and the linear controller described by Eq. (54) are, respectively,
recorded in Figs. 5 and 6. It follows that the closed-loop system is
asymptotically stable. Actually, the rendezvous mission is accom-
plished at about 6, = 5.2. The settling time can be computed as

T, =[(6; — 6p)/27]T =2.989 x 10* s

Next, the same initial condition will be used to show that both the
magnitude and energy of the control signals (i.e., the thrust
accelerations) can be made as small as desired by choosing the
parameters y; and y, in the controllers, for example, to verify

x 10
1.5 T T T T T
e X(6)
E )
S osk o~L e vo)| |
=
<
c
kel
5 |
o]
[
I L
5 6

Velocity (m/s)

dx(6)/dt |
— — —dz(0)/dt

------ dy(6)/dt

0 (rad)

Fig. 5 State signals with y; = 1.1 and y, = 1.5.
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Fig. 8 Control signals with different values of y; and y,.

Theorems 2 and 3. For simplicity, assume that y; =y, = y. For
different values of y, the values of [lu||,_  and ||, are recorded in
Fig. 7, which clearly validates the desired statements. The settling
time 7' for different values of y is also recorded in Fig. 7, from which

y|:1,1 and Y=15] .

Initial Position.

10000
T
< 5000
0
Target Position -15000
-10000

-5000
-0.5

x 104

0.5
x(6)
Fig. 9 Trajectories with different values of y; and y,.

12 5000 2(8)

it can be observed that 7', increases as y decreases. Hence, the proper
selection of y should be a tradeoff between the settling time and the
control energy (magnitude) that the thrusts can supply.

Suppose that the maximal accelerations supplied by the thrusts in
the three directions satisfy, respectively, |u*(6)| < 0.1, |u*(0)| <
0.1, and |#*(0)| < 0.05. The closed-loop system is simulated for
different values of y; and y,, and it is found that these constraints can
be satisfied if y; < 1.82 and y, < 2.01. For two pairs of different
valuesof y; and y,, (v;, ¥,) = (1.1, 1.5) and (y;, y,) = (1.5, 1.8), the
control signals and state trajectories of the closed-loop system are
shown in Figs. 8 and 9, respectively. These figures again confirm that
larger values for y; and y, lead to better transient performances at the
cost of larger control energy and magnitude of the control signals.

V. Conclusions

This paper has studied the spacecraft rendezvous problem with the
target spacecraft in arbitrary eccentric orbits. A novel PLDE-based
approach was proposed to solve the problem. With the identification
of the Jordan canonical form of the T-H equations, it was clarified
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that the T-H equations are both asymptotically null controllable with
bounded controls and NCVE, which completes the existing results.
Based on these controllability properties, it was proven in the paper
that the proposed linear periodic controller achieves semiglobal
stabilization of the relative motion with magnitude and/or energy-
bounded controls. In other words, the rendezvous mission can be
accomplished with arbitrarily small control in magnitude and/or
energy by using this class of feedback controls. One of the main
advantages of the proposed approach over the existing one is that the
controller is easy to implement, as only a linear Lyapunov differential
equation is required to be solved online. A periodic generator
approach was also presented to solve such linear equations. A
numerical example was developed to show the effectiveness of the
proposed methods.

Appendix
I. Proof of Theorem 1

The following simple lemma will be established first.
Lemma 5: Let J(0) be as defined in Eq. (21). Then, for any
6, € [0,2n),

/904’2” ! dr = k*1T (A1)
— dr=
o P (1)

Proof: Tt follows from Eq. (4) that w = df/dt = k? p?; namely,

1
Kdr = — o (A2)
0

Let the true anomaly of the target spacecraft at £, be 6,. Taking
integration on both sides of Eq. (A2) gives

ol dr=£k? A3
/;0 20 T=k(t—to) (A3)

Hence, if 6(t)=6,+2n, then t=T+1t,. The proof is
completed. O
According to Eq. (23), it can be computed that

Gi(6) 2 (6 + 27, 6y) = F;(6y + 2m)F; ' (6p) = [Fi(6p)
+ Ni(6)IF;' (6p) = 1y + N:(60) F; ' (6)) (A4)

where N;(6,) £F (8 + 2m) — F;(6,) can be computed directly as

0 0 0 30%(6,)
0 00 —3ep(by) sin(6,) to+27 dr
Ni(6,) = _ i 2
000 6¢ep(6) sin(6y) 6o P (7)
0 0 0 —3e(cos(by) + ecos(26y))
(A5)
Direct manipulation results in
O0+27  dr
000 3 fgn pre
_ Oo+27  dr
Freon e = |0 00 TG
0 0 0 0
0 0 0 0
= Vi(66)J1(86) Vi (60) (A6)

in which the matrices V;(6,) and J,(6,) are, respectively, given by

Oo+27  dr

909 2pz(r) 11
Vi(6y) = —3e [0 A5 0 0 0
(6h) 00 P 110
L 0 1 00
[0 1 0 0
00 0 O
L0 0 0 O
According to Eq. (Al),
O+27  dt
det[V;(6y)] = —Se/ - = —3ek’T #0, VYV 0,cR
Bo (1)

Therefore, the relation described by Eq. (A6) is true for all 6, € R.
Inserting Eq. (A6) into Eq. (A4) gives

Gi(6y) = Fi(00)[ls + F' (65)N:(60)]F; (6)
= F;(60)[1s + Vi(06)J1(80) Vi (60)]F; " (60)
= Fi(00)Vi(00)[I4 + J,(0p)]Vi (60) F; ' (65)
= Fi(00) Vi(60)Ji(60)[Fi(05) Vi(0p)] ™"
= U;(00)J:(6) U7 (6) (A7)

in which U;(6,) = F;(6,)V;(6,), and

Ji(6o) =

S OO =
SO =~
SO —= OO
-0 O O

It is easy to verify that J;(6,) = e’i. Hence, it follows from Eq. (A7)
that

G,(6y) = U(6,)e” Ui () 2 2@ (A8)
where
Si(6o) = (1/2m)U(65)J;U; " (6,)

Notice that (1/27)J; = V;J;V7!, in which

= 0 0 0
V=10 11 o
0 1 1 1
Hence, there holds
Si(60) = Ui(00)V:iJ,[U;(Bp) Vi (A9)

Now, let
H;(6) = (6. 0p)e S @0U,(6,)V;

such that 6 € R. Clearly, H;(6) is nonsingular for all 6. According to
the definition of the state transition matrix @;(6, ¢) and Eq. (A8), it
can be verified that

H; (0 +2m) = ®;(0 + 27, 6,) e 51020 (9 V;
= ®l(0 + 27T, 90)6_2”3'(9")e_S(H”)gUi(QO) Vi
= ®,(0 + 27, 0 + 2m) D, (6, + 27, ) G (By) e S WP U (6,) V;
= @,(6,60)G(6))G " (Bp)e 5 U, (0y)V; = H;(6)

Hence, H;(0) is a 2x-periodic Lyapunov transformation matrix. Let

¢,(0) = H;(0)¢,,(0). Then, the system described by Eq. (15) is
transformed into
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§i(0) = Ayy(0)8,,(6) + Biy(O)v,(0)

in which B;;(6) = H; ' (0)B;(6). In what follows, matrix A;,(6) will
be simplified. By using Eq. (A9), it can be computed that

Ay = H7 ' (O)[A(O)H(6) — H{(0)]
=H;'(0) |:Ai(9)Hi(9) - % D, (0, 6y)e 57U, (6,) Vi]

= H; ' (O)[Ai(O)H;(6) — A;(O) (6. 6p) e~ U, (6,) V]
+ H; 1 (0)D;(0, 6p) e @S,(00) Ui (60) Vi

= H; ' (O{A(O)H;(0) — Ai(O)H,(0)

+ @,(6, 6p)e S U (80) ViU (Bo) Vil ' S: (B0) Ui (6y) Vi
=[Ui(0)Vi] ' Si(00) Ui (0p) Vi = J;

From Definition 3, the Jordan canonical form of the system described
by Eq. (15) is J;. The proof is completed.

II. Proof of Lemma 2

Before proving this lemma, a useful result regarding the periodic
Lyapunov differential equation is introduced.

Lemma 6 [38]: The w-periodic linear system described by
Eq. (20), where u(#) = 0 is asymptotically stable if, and only if, the
following Lyapunov differential equation,

— P(t) = AT()P(1) + P(DA(r) + CT(1)C(1)

has a unique positive definite w-periodic solution P(), where C(z) is
a continuous w-periodic matrix, and such that [A(7), C(?)] is
observable.

Proof of item 1: Multiplying both sides of Eq. (26) by P;!(6) and
denoting W,(9) = P;' (0) gives

— Wi(®) = AT (O)W;(0) + W;(0).A:(0) + C(O)C:(6)  (A10)
where
A0, y,) = —AT(0) = tyils, C®) =R;"*(O)BI(®) (All)

Obviously, the controllability of [A;(6), B;(0)] implies the con-
trollability of [A;(6), B;(§)R~'/>(#)], which further implies the
controllability of [A;(6) + %y,-14, B,-(@)Ri_l/ 2(9)] or, equivalently, the
observability of [A;(7), C;(0)].

Let ®(0, ¥) be the state transition matrix of the periodic linear
system described by Eq. (15). Then, a simple manipulation shows
that the state transition matrix of the following system

1'(0) = A6, y)n(0) = [-AT(0) — 3v:1s]n(6) (A12)
is given by
®,(0,9) = O7(9, 0) exp[—3;(6 — V)]
With this, and in view of Lemma 1, it can be verified that
CLA;(0, y)] = A[®@,(27,0)] = A[®7 (0, 27) e 7]
= A[®(0, 2m)e ™ = A[®~' (27, 0)e 7]
e i e
= { TS € A®(27, 0)]} = { ts € C[Ai(G)]}

= {e i ™ "M o~} (A13)

—TYi

where the relation C[A;(0)] = {1, 1, 1, 1} has been used. Therefore,
for any y; > 0, the linear periodic system described by Eq. (A12) is
asymptotically stable. With this fact and the observability of
[A;(0), C;(0)], it can be deduced from Lemma 6 that the periodic
Lyapunov equation described by Eq. (A10) has a unique positive
definite solution W;(6). The proof of this item is finished by noting
that Eq. (A10) is equivalent to Eq. (27).

Proof of item 2: Under the state feedback u;(6) = K;(0)¢;(6), the
closed-loop system reads

£1(6) = [Ai(6) + B K (0)]5:(6) £ A(6)8,(6) (Al4)
Simple manipulation shows that A_;(0) satisfies the PLDE,
AL(OP(0) + Pi(0)A(0) + Pi(6) = —yiP;(6)
— P(0)B,(O)R; " (0)B] (0)P;(0)
The stability of the closed-loop system described by Eq. (A14) then
follows from Lemma 6 directly.

Proof of item 3: Taking the partial derivative on both sides of
Eq. (26) with respect to y; gives

oPi(6) 1
oy, o |:Aci(0) + 2 )’ih]
aP;(0)
A,

TaP;(0)
W,

+ O+ gut+re) @19

in which A,;(0) is defined in Eq. (A14). On the other hand, it is noted
that the periodic Riccati differential equation described by Eq. (26)
can be rewritten as

— Pi(6) =[A;(0) + 3y, ,]" Pi(0) + P.(O)[A:(6) + Lyl,
= B,(O)R; () B (O)Pi(0)] = [A;(6) + 3v:1.] P,(6)
+ Pi(O)A4(0) + 3viLu] = Pi(O)[A.i(6) + 3v.1.]
= A0, ) Pi(0) (A16)
where A;(0,y;) is defined in Eq. (All). Consider the Lyapunov
transformation P;!(0)¢(0) = x(6). Then, it follows from Eq. (A16)

that the linear periodic system described by Eq. (A12) is transformed
into

X'(0) =[P (O]n(0) + P (0)n'(0)
= =P (OP(O)P; () (0) + P (0)Ai(6. y)n(6)
=—P; ' (O)P{(O)x(0) + P () Ai(6. ) Pi(0) x (0)
= P (O)[=Pi(0) + Ai(6. y) P(6)]x (6)
= P (O){Pi(O)A(0) + 3 L1} x (0)
=[A(0) + 3iLux (©) (A17)
As a Lyapunov transformation does not change the characteristic

multiplier set of a periodic system (see, for example, [34]), it follows
from Eqgs. (A13) and (A17) that

CIA(O) + Syl = CLA; (B, )] = {e™™i, e™™i ™™, ¢~}

which indicates that the periodic system ¢'(0) =[A.(0)+
1v:1,]o(6) is asymptotically stable. Hence, it follows from Lemma 6
that the periodic Lyapunov differential equation given by Eq. (A15)
has a unique w-periodic positive definite solution [0P;(6)]/dy; > 0.

As [0P;(0)]/dy; > 0, the limit of P;(0) as y; approaches zero
exists. Denote

lim P;(6) = P(6) = 0
7i—0t

Taking the limit of both sides of Eq. (26) gives
— Pip(0) = AT (O)Piy(6) + Pio(0)A()
— Pio(6)B;(O)R;" (6)B] (6)Pio () (A18)

It is well known that (see, for example, [39]) if the periodic matrix
pair [A,(¢), B;(#)] is controllable and all the characteristic multipliers
of A;(f) are inside or on the unit circle, the periodic Riccati
differential equation given in Eq. (Al8) has the unique periodic
nonnegative definite solution P;,(#) = 0; namely,
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lim P;(6) =0
y—0*t
The proof is completed.
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